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Overview

» Curved exponential families can emerge when the parameters
of a standard exponential family are subject to certain
constraints.

> A key consequence is that for these families, the minimal
sufficient statistic might not be complete.
» This has significant implications, as Uniformly

Minimum-Variance Unbiased (UMVU) estimation may not be
possible.
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Constrained Families: The Setup

| 2

>

Let P = {P, : n € =} be a full rank s-parameter canonical
exponential family.
This family has a complete sufficient statistic T.

Consider a submodel Py parameterized by 6 € €.

The canonical parameter 7 is now a function of 8, denoted as
ii(0).

The submodel is thus defined as:

Po = {Pﬁ(g) NS Q}

Often, 7} : Q — = is a one-to-one and onto mapping. In such
cases, Pp = P, and we are just reparameterizing.

Curved families arise when Py is a strict subset of P, which
typically happens when the dimension of €2 is less than the
dimension of = (i.e., r <s, for Q C R").
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Two Possibilities for Constrained Models

When the submodel Py is a strict subset of the full exponential
family P, two main scenarios can occur based on the nature of the
constraint on the canonical parameter .

1. The points 7 in the range of 7j(6) satisfy a nontrivial linear
constraint.

2. The points 7 in the range of 7j(f) do not satisfy a linear
constraint.
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Case 1: Linear Constraint

Scenario
The set of canonical parameters {7j(6) : 6 € Q} satisfies a
nontrivial linear constraint.

» In this case, the submodel Py is itself a canonical exponential
family, but with fewer parameters (g < s).

» The original statistic T is still sufficient for the submodel Py.

> However, T is no longer minimal sufficient for this
constrained family.
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Case 2: No Linear Constraint (Curved Family)

Scenario
The set of canonical parameters {7j(6) : 0 € Q} does not satisfy
any linear constraint.

» This is the defining characteristic of a curved exponential
family. The name comes from the fact that the parameter
space of 1 forms a "curve” within the larger space =.

» In this situation, the original statistic T remains minimal
sufficient.

> However, a critical property is lost: T may not be complete.
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Example 5.1: The Normal Distribution Family

» Consider a sample Xi,..., X, from a Normal distribution
N(p, 0?).

» The joint distributions form a two-parameter exponential
family.

» The canonical parameter 7 is:
(e 1
"T=\52 202
» The complete sufficient statistic T is:

T = (Z Xi, Z X,-2>
i=1 i=1
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Case 1: Linear Constraint (i = 0?)

| 2

>

>

Let's impose the constraint that the mean and variance are
equal.

Let @ = = o2, for @ > 0. The sample is from N(6,6).

The canonical parameter becomes a function of 6:
0 1 1
i) == —— ) =(1.-——
10 = (5-55) = (1-35)

The range of 7 satisfies the linear constraint 71 = 1. The
parameter space is restricted to a vertical line.

Conclusion: The subfamily is a one-parameter exponential
family, and ZX,? becomes the canonical complete sufficient
statistic.
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Case 2: Non-Linear Constraint (o = |ul)

» Now, impose the constraint o = |pu].
» Let 6 = pu, so the sample is from N(#,6?), for 6 € R.

» The canonical parameter is:
0 1 1 1
()= —-— — | = =, ——
i(6) <92’ 292) (0’ 2e2>
> The range space () is the parabola 7o = —3n?. This is a
non-linear constraint.

» Conclusion: This is a curved exponential family, and the
original statistic T = (3_ X;, > X?) is minimal sufficient.
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Proving Incompleteness for the Curved Case

For the curved family N(6,6?), the statistic T = (T1, T») is not
complete.

» To prove that we need to find a non-zero function g(T) such
that Ey[g(T)] = 0 for all 6.

» Calculate the expected values of components of T:
Eo[T£] = (Eo[T1])* + Varg(T1)
= (nf)? 4 nf? = n?6° + nh?
Eg[To] = nEg[X?] = n ((Es[Xi])? + Varg(X)))
= n(6? + 6°) = 2nh?
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Proving Incompleteness for the Curved Case

» Consider the function g(T) =272 — (n+1)T>.

Eolg(T)] = 265 T{] — (n + 1) B[ To]
= 2(n%6? + n6?) — (n+ 1)(2nH?)
= (2n% 4+ 2n)0% — (2n° +2n)6? =0

» Since g(T) is not the zero function but its expectation is zero
for all 6, T is not complete.
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Example 5.2: Two Independent Samples

» Consider two independent random samples:
> X1,y Xm ~ N(py, 02)
> Yy, ..., Y, ~ N(uy,ag)

» The joint distributions form a four-parameter exponential
family.

» The canonical parameter 7 is:

(e 11
02’0)2,’ 2027 202

X X y

» A canonical sufficient statistic T is:

n

i=1

j=1 i=1 j=1

> An equivalent statistic is (X, Y, S2, 53)
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Case 1: Equal Variances (07 = 07)

Constraint
The variances of the two samples are equal: o2 = 0}2, = 2.
» This imposes the linear constraint 173 = 714 on the canonical
parameters.

» The joint distributions now form a three-parameter
exponential family and the complete sufficient statistic is
(T1, T2, T3 + Ta).

» An equivalent sufficient statistic is (X, Y, 5,3), where 53 is the
pooled sample variance:

VX =X+ (Y- V)2 (m-1)SE+ (n—1)S]

S2 =
P n+m-—2 n+m-—2

» The distribution of the scaled pooled variance is Chi-square
(and we can find UMVUEs):

2
(n+m—2)S; 2
o2 n+m=2 13/32



Case 2: Equal Means (py = fiy)

Constraint
The means of the two samples are equal: py = p,.

» In this case, the joint distributions form a curved
exponential family.

» The original four-component statistic T (or its equivalent,
(X,Y,S82,57)) is minimal sufficient.

» However, this minimal sufficient statistic is not complete.
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Case 2: Equal Means (py = fiy)

Proof of Incompleteness

Consider the function g(T) = X — Y. This function is not
identically zero.
The expected value is:

E[X — V] = E[X] - E[V] = e — iy
Under the constraint u, = u,, this expectation is always zero:
E[X — V] =0

Since we found a non-zero function of the statistic whose
expectation is zero for all parameters in the subfamily, the statistic
is not complete.
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What are Sequential Experiments?

Definition

An experiment'’s protocol is sequential if the data are observed as
they are collected, and the information from these observations
influences how the experiment is performed.

» Examples of influence:
» Deciding whether to terminate a study or continue collecting
more data.

Why use sequential over classical experiment?

1. Efficiency: They may reduce decision-theoretic risk (e.g.,
lower running cost).

2. Necessity: Certain experimental objectives can only be met
with a sequential design.
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Example 5.3: Estimating Population Size

The Capture-Recapture Experiment

>
>
>

Goal: Estimate M, the number of fish in a lake.
Phase 1: Capture k fish, tag them, and release them.

Phase 2: Sample fish randomly from the lake. The
probability a sampled fish is tagged is § = k/M.
Inference Goal: Estimating M is equivalent to estimating
1/6.

The data from Phase 2 can be viewed as i.i.d. Bernoulli
variables X1, X2, ... where X; = 1 if the fish is tagged.
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The Problem with a Fixed Sample Size

> If we use a fixed sample size N = n, the sufficient statistic is
T =>""1 X; ~ Binomial(n, 9).

» The statistic T/n is an unbiased (and UMVU) estimator for
0.

» But there is no unbiased estimator of 1/6 in this model

» Why? The expectation of any estimator, Eg[6(T)], is
bounded. However, 1/6 is unbounded as 6 — 0.

> If 6 is very small, we are very likely to observe T = 0, which
gives little information about the true population size.
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Sequential Solution: Inverse Binomial Sampling

» To avoid the problem of observing zero successes, we change
the sampling rule.

» Method: Continue sampling until we have observed a fixed
number, m, of successes (tagged fish).

» Now, the total sample size N is a random variable.

> This is a sequential experiment because the decision to stop
sampling depends directly on the observed data.

19/32



Inverse Binomial Sampling

» Let Y; be the number of failures before the i-th success.

» The variables Y1,..., Y, are i.i.d. with a Geometric
distribution:
Po(Yi=y) = (1~ 60
» The Geometric distribution is a one-parameter exponential
family.
» The joint distribution is

Pg(yla o 7_ym) - (1 — 0)2)’/9’777

which depends on the data only through T =>" Y.
> = By the factorization theorem, T is a sufficient statistic.
» Since this is a full-rank exponential family, T is complete
sufficient.
» Here T = Zf’;l Y; = N — m, which has a Negative Binomial

distribution.
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General Density for Sequential Experiments

Theorem (5.4)

Suppose X1, X, ... are i.i.d. with density fy, and sampling
continues until a stopping time N (which may depend on the
data). If Pg(N < oo) = 1, then the joint density of the data

(/\/,)(17 cee ,XN) is:
TT%0)
i=1

» So the likelihood function (joint density seen as a function
of 6) is the same as if we had ignored the optional stopping
and fixed N as a fixed constant in advance. (i.e., optional
stopping does not change how the data inform you about 0)

> If fy(x) = e T()=BO)p(x), the joint density is:

n

exp (77(0)~ZT ) — nB(# )Hhx,

i=1
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Consequences and Summary

> When the original observations come from an exponential
family, the sequential experiment also results in an exponential
family.

» The sufficient statistic becomes (Z,N:l T(Xi), N).

» The canonical parameters include an extra term, —B(6).

> The presence of this extra parameter usually means that
sequential experiments lead to curved exponential families.

» The inverse binomial example was a special case where this
didn’t happen because > X; was fixed at m.

» While the likelihood is unchanged, distributional properties of
estimators are affected by optional stopping. For instance, the
sample average (> X;)/N is generally biased.
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The Multinomial Distribution
» A generalization of the binomial distribution for n independent
trials with outcomes in a finite set {ao, ..., as}.
» Let p; be the probability of outcome a;.

» Let Y; = ¢ if trial / has outcome aj, where ¢; is a standard
basis vector in RSt1. The Y; are i.i.d.

» The vector of counts is X = 27:1 Y:, where X; is the number
of trials with outcome a;.

Joint Mass Function of Trials
The joint probability for a specific sequence of outcomes

(Y1,.-.,¥n) is:
P(Yi=y1,...,Ya=yn) Hpj = exp ijlogpj

where x = ) y; is the vector of total counts.
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The Multinomial Mass Function

» The distribution of the count vector X is found by summing
the probabilities of all sequences (yi, ..., yn) that result in the
same counts x.

» Each such sequence has the same probability, Hpjxj

» The number of such sequences is given by the multinomial
coefficient:

n n!
X0y - - - 5 Xs xg! X -+ X Xs!

Multinomial Distribution
The probability mass function for the count vector X is:

n
P(XOZX07"'7XS:XS):< >p6(0><...xp;<s
X0y .-+ 49Xs

We write X ~ Multinomial(po, ..., ps; n).
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UMVU Estimation for Multinomial

» The marginal distribution of a single count Xj is
Binomial(n, p;).

> We can also show that X is complete sufficient, and thus % is
UMVUE for p; (Since E[X;] = np; and E[é] = pj).

» We can find the UMVUE of the product of two multinomial
probabilities pjpi (for j # k) using Rao-Balckwellization.

» We first define an unbiased estimator of p;py:
0= /(Yl = aj, Y2 = ak).

» E[6] = P(Y1 = aj, Y2 = ak) = pjp«, so 0 is an unbiased
estimator.

P But this only uses two trials, not all n. To improve it, we
condition on the complete sufficient statistic X.
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Derivation of UMVU for p;py

By definition of conditional probability:

P(Yl = daj, Y2 = ak,X :X)

EIX=x]=P(Y1=a;,Yo=a|X =x) = P(X = x)

The denominator is the standard Multinomial PMF:

Poc=0=(, " TTe

The numerator is the probability that the first trial is aj, the
second is ak, and the remaining n — 2 trials result in the remaining
counts (xo,...,x;j —1,...,xk —1,...,xs):

P(Y1:aj,Yzzak,XZX)ijpk-< )Hp A et
’ i#j,k
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Derivation of UMVU for p;py

Simplifying the Numerator's Probability Term

i ji—1 -1
pipk- | 11 PF P - i
i k

1 1 ,
:<pj-pjx’ )-(pk-pik ) I1 »¢
ik

— pj-(j . p;((k . H pi'("

i,k
S
— Xi
=11~
i=0
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Derivation of UMVU for p;py

Now, we take the ratio and simplify.

n—2)!
PiPk3oT % ()| (ik D! =0 P;/(pjpK)

E[51X = x] =
Xo!...XJ!...Xk!...X5| HI Op/
(n-2)!
_ xol (=)L (x— 1)L xs!
Xo!...)g!.r."!xk!...xs!
_ (n—=2)! xol.oxlhoooxd !
ol ol (= 1)V —= 1)1 xs!
(n—2)! ;! X!
n(n—D(n-2) g1 (1)
1
_ XXk
n(n—1)
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Example 5.5: Two-Way Contingency Tables

» Consider n trials where two characteristics are observed for

each:
» Characteristic A with possibilities {A1,..., A}
» Characteristic B with possibilities {By, ..., B,}.

> Let N be the count of outcome (A;, Bj), and pj; its
probability. The vector of counts N = (Ny1,..., Nyy) is
Multinomial.

» Data is often presented in a table with marginal sums:

By <o B; | Total

Ar | Nix -+ Ny | Nig

A | Npo - Ny | Ny
Total N+1 s N+J n

29/32



Contingency Tables with Independence

The Independence Assumption
If characteristics A and B are independent, then p;j = p;1 py;,
where p;y and p,; are the marginal probabilities.

» Under independence, the mass function for N simplifies. The
probability term of the multinomial distribution becomes:

I J i J
[T 1(irpe)™ = (H pf’f) |
j=1

i=1j=1 i=1

» This model can be written as a full rank
(I + J — 2)-parameter exponential family.

> The complete sufficient statistic is the set of marginal
totals:
(NlJra SR N/+7 N+17 s N+J)
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UMVU Estimation under Independence

» In the independence model, the vectors of marginal counts are
independent:
» (Niy,...,Nip) ~ Multinomial(pyy, ..., pi4;n)
> (Nyq,...,Niy) ~ Multinomial(pi1, ..., pys;n)

» The UMVU estimator for the marginal probability p; is
pi+ = Nt /n.
Proof of Unbiasedness for p;
The expectation of a Multinomial count Ny is E[N;y] = npi.

R N;
el = £ |

1 1
] - [Ni] n("P +) = Pi+

Since the estimator is an unbiased function of the complete
sufficient statistic, it is the UMVUE by the Lehmann-Scheffé
theorem.
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UMVU Estimation under Independence
» Similarly, the UMVU estimator for py; is pj = Nij/n.

» Because the estimators for the marginals are based on
independent statistics, the UMVU estimator for the joint
probability pjj = piyp4; is the product of the estimators:

5 oy Nt

y i+FP+j n?
Proof of Unbiasedness for p;
Using the independence of the marginal statistics N;; and N_;:

. Nip N4 ; 1
Elpj] = E [;ﬁ] = S E[Ni Ny ]
1 .
= ?E[N;JF]E[NH] (by independence)
1
= ﬁ(”Pi—&-)(”P—H)
= Pi+P+j = Pij
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